A class of distribution-free tests based on convex combination of two U-statistics is considered for testing independence against positive quadrant dependence. The class of tests proposed by Kochar and Gupta (1987) and Kendall's test are members of the proposed class. The performance of the proposed class is evaluated in terms of Pitman asymptotic relative efficiency for Block-Basu (1974) model and Woodworth family of distributions. It has been observed that some members of the class perform better than the existing tests in the literature. Unbiasedness and consistency of the proposed class of tests have been established.
Introduction
Dependence relations between random variables is one of the most widely studied subjects in Probability and statistics. Many studies in statistics are designed to explore the relationship between random variables X and Y, say and specially to determine whether X and Y are independent or dependent. For example, a doctor may be interested in studying the relationship between obesity and blood pressure. Specifically, he may be interested in testing whether obesity and blood pressure are independent against the alternative that they are positively associated. Here X could be the degree of overweight as measured by the ratio of actual body weight to ideal body weight as given in certain standard tables, and Y could be the systolic blood pressure. Similarly a meat vender may be interested in knowing whether colour and quality of canned tuna are independent or the consumer preference is towards light tuna. A psychologist may be interested in testing the hypothesis that the time until a it takes an infant to walk alone is independent of the infant's IQ at a later age versus the alternative that children who learn to walk early tend to have higher IQs. An engineer may be interested in the dependence relationship between system reliability and the environment. Specifically he may be interested in the positive association between system reliability and a certain characteristic of the environment.
Let (X,Y) be absolutely continuous random variable with joint distribution function F(x,y) and survival function    
. Let F and G denote the marginal distribution functions of X and Y respectively with corresponding survival function
The dependence is strict if the inequality holds at least for one pair (x,y). The concept of PQD is due to Lehmann (1996) A measure of general positive association between two random variables X and Y is defined in terms of covariance between every pair of non decreasing real function f and g as
However if a pair (X,Y) is PQD then Cov(X,Y)≥0 equality holding if X,Y are independent. Further if f,g is a pair of real and non decreasing functions, then (X,Y) is
. Consequently general positive association and PQD are equivalent.
The concept of PQD has been used to construct conservative confidence intervals for the components of the mean vector in bivariate normal distribution. Many applications of this concept may be founding the study of contaminated independence models, slippage problems, tests of symmetry etc.
In this paper, we consider the problem of testing the null hypothesis of independence ) ( ) ( ) , ( :
for all (x,y) with strict inequality holding on a set of non-zero probability.
It should be noted here that since F and G are unknown, H 0 and H 1 are both composite. Moreover the alternative H 1 are ordered alternatives and this gives rise to general difficulties associated with ordered restricted inference. Kochar and Gupta (1987, 1990) proposed some competitors of Kendall's sample tau coefficient for testing independence against PQD. Shriever (1987) contains a list of large number of tests available in the literature for the problem of independence. Shetty and Pandit (1996 , 1998 , 2003 proposed distribution-free tests for this problem based on the ordering of observations in sub-samples. The statistic proposed by Kochar and Gupta (1990) is a member of the test proposed by Shetty and Pandit (2003) . In this paper, we propose a class of distribution-free tests for this problem.
In section 2 we propose a new class of distribution -free tests based on U-statistics for testing H 0 against H 1 . The distribution of the test statistics are considered in Section 3. Section 4 is devoted to asymptotic relative efficiency properties.
The Proposed Test
On the basis of random sample (x 1 , y 1 ), … (x n , y n ) from the distribution H, we wish to test H 0 against H 1 . Let k≥2 be a fixed positive integer and consider the following kernels. 
where the summation is over all combinations of k integers (i 1, i 2 . . . i k ) chosen out of n integers (1,2,..n).
Large values of U k are significant for testing H 0 against H 1 . Obviously U 2 is the celebrated Kendall's tau statistic. Kochar and Gupta (1987) have proposed tests based on U statistics associated with kernels  1k for the above problem in the case of skewed alternatives. It is expected that the newly proposed tests will be quite efficient for the symmetric case.
The statistic U k can be easily computed as follows. Assume without loss of generality that X 1 ≤. . . ≤ X n and denote the corresponding Ys by Y [1] ,….Y [n] .
Let L ( j) = rank of Y (j) among Y [1] ,….Y [j] . and M (j) = number of Y [i] s greater than or equal to Y [j] , Y [j+1] . . .Y [n] . Then U k can be written as
Woodworth (1965) calls L ( j) the third quadrant layer rank of (X j , Y [j] ).
Distribution of U k
The expectation of U k is given by 
as n→∞ is normal with mean zero and 
Asymptotic Relative Efficiencies
For asymptotic relative efficiency comparisons we consider the Woodworth (1966) family of distributions. The uniform representation of the distribution is
It is evident that for every m and the above choice of θ, above function defines PQD random variables. For m = 1, coincides with the well known Morgenstern (1956) 
For which Kendall's tau and Spearman's rho tests are known to be asymptotically optimal.
The asymptotic relative efficiencies (AREs) of the U k tests, relative to Kendall's tau test for different values of k are presented in table 1. We also study the ARE's of the newly proposed tests for the absolutely continuous bivariate exponential distribution of Block & Basu (1974) with density function.
This distribution is PQD when θ>0 and the variables are independent when θ=0. The values of the AREs of the U k tests with respect to the Kendall's tau test are presented in table 2 below: 
Some Remarks and Conclusions:
1. The proposed class of tests is unbiased and consistent for testing against H 0 against H 1 .
2.
The asymptotic relative efficiencies (AREs) of the members of the class is studied for two alternatives, namely, Woodwoth family and Block-Basu bivariate exponential distribution.
3.
The AREs of the proposed test relative to Kendall's tau test when the alternative is Woodworth's family is evaluated for different values of m.
4.
It is observed that for m=3, 4 and 5, the AREs of proposed test relative to Kendall's tau test is more than one for those values of α≥0.5, indicating the better performance of members of new class of tests. However, for m=2, the performance is better for α≥0.6. The sub sample sizes considered are 3, 4 and 5.
5.
For the sub sample sizes 3 and 4, the performances of the members of the class of test is better than Kendall'e tau test for α≥0.5 and is better than the test due to Kochar and Gupta(1990) for α≥0.7, when the alternative is Block-Basu bivariate distribution.
